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Abstract—In this paper, we consider the issues of the existence of committee solutions
and their generalizations for inconsistent systems of relations. An approach to investigating
these issues, which is based on an analysis of the structure of the hypergraph of maximal
consistent subsystems, is proposed. New upper bounds for the number of elements of a
minimum committee for a system of linear inequalities are given. We show that the problem of
constructing a minimum committee is in the general case N P-hard and give conditions which
allow us to solve it either exactly or approximately with a prescribed accuracy in a polynomial
time. New estimates for the capacity of the class of committee decision rules are presented.

INTRODUCTION

An inconsistent system of constraints (equations or inequalities) is an object often arising at the
stage of modeling of applied problems in many areas of knowledge: physics, technology, economics,
etc. Several approaches to generalizing the notion of a solution to a system of constraints in the
case of its inconsistency are known. One of these approaches is Chebyshev’s approach, which is
associated with weakening of constraints of the system and, correspondingly, finding a “least” (in
the given metrics) perturbation of parameters of the initial problem allowing the system to be
solvable. Then, as an approximation of the solution to the initial system one takes the solution of
the obtained perturbed problem. Another approach (see, for example, [9-11, 22]) is connected with
consideration not one approximation of the solution, but a whole set each of whose elements is an
exact solution of a suitable sufficiently large subsystem of the initial system. The simplest example
of such “collective” solution is a majority committee, i.e., such a sequence that each constraint
is satisfied by more than a half of its elements. This paper contains a survey of both known and
recently obtained by the authors results concerning properties of committee solutions of inconsistent
systems of constraints as well as committee decision rules in pattern recognition. In those cases
where it is necessary, assertions are supplied with corresponding proofs and examples.

1. BASIC CONCEPTS AND NOTATIONS

Let an abstract set X and a collection of its subsets Dq,...,D,, be given. Let us consider a
system of inclusions
reD; (jeN,={L2,...,m}). (1.1)
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568 KHACHAI, MAZUROV, AND RYBIN

The system (1.1) is called inconsistent if (j; D; = &. A number of assertions given below hold for
an arbitrary system (1.1); however, most of the results will be formulated for its particular case,
namely, for the system of inequalities

fi(®) >0 (5 €Np), (1.2)
where X is a real linear space, fi,...,fn € F, and F is a given class of functions (linear, affine,
and so on) from X to R. The system

zeD; (jel) (1.3)

for arbitrary nonempty L C N,,, will be called a subsystem with index L of the system (1.1) and
will be denoted by (1.1); denote by D(L) = ;¢ D; the set of its solutions.

Definition 1.1. A subsystem (1.1); is called a mazimal consistent subsystem (MCS) of the
system (1.1) if D(L) # @ and D(LU{j}) = @ for any j € N,,, \ L.

It is seen that a system (1.1) such that not any D; = @ is either consistent or has proper MCSs.
Let us pass to definitions of committee constructions.

Definition 1.2. A committee (a majority committee) of the system (1.1) is a finite sequence
Q= (z',...,2%), ' € X such that |{i: 2" € D;}| > q/2 for any j € N,,.

If @ satisfies this definition, then ¢ is called the number of elements of the committee @,
and the system (1.1) is said to be solvable by a committee of ¢ elements. Below, we show that
when analyzing the committee solvability of the system (1.1), it suffices to consider only those
committees that are composed of solutions of its maximal consistent subsystems. A committee
is called a minimum committee if it has the minimal possible number of elements for the given
system.

Several generalizations of the notion of a committee are known. Let p € (0,1), z € R? be given,
and let the characteristic functions ¢; : X — {-1,1} :

1, € Dj
() — ) ) 14
be defined.
Definition 1.3. A finite sequence Q = (2!, ..., 29), 2° € X, is called a (z,p)-solution of the

system (1.1) if for every j € N,, the following inequality holds:
q ' q
> zigi(a') > 2p —1) > |ail; (1.5)
i=1 i=1

a (z,p)-solution of the system (1.1) is called:
(1) a z-solution of the system (1.1) if p = 1/2;
(2) a (z,p)-committee of the system (1.1) if z € Z%;
(3) a p-committee if z = [1,...,1].

It is seen that Definition 1.2 of a majority committee directly follows from the definition of a
p-committee for p = 1/2.
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COMMITTEE CONSTRUCTIONS 569

Let us describe the set Q of all committees of the system (1.1) [10]. To this end, consider the

vector function ¢(z) = [p1(z),...,¢m(x)]. The set ¢(X) is clearly finite. Let o(X) = {o!, ©?,

.., ©°}. From Definition 1.2 it follows that @ € Q if and only if by a permutation of elements the
sequence () can be represented in the form:

(y1717"'7y17217"'7y8717"'7y87zs)7 (1'6)
z1 zs
where y*!, ... y»% are such that p(y™!) = ¢*, and 21, ..., z, are nonnegative integers satisfying the
system of inequalities
S
> zigt > 0. (1.7)
i=1
A committee @ € Q is a minimum committee if and only if the vector z = [21, ..., 2] used in its

representation (1.6) is optimal in the problem:

S S
min{z zi | Zzigpi >0, z€ Z3}. (1.8)

i=1 i=1

Define a partial ordering on the set P? = {—1,1}7 as follows: let a,b € P9,

a<bse {ira=1} <|{i:b;=1}|

Let functions f1,..., fm : P¢ — R be given which are strictly increasing in accordance with the
chosen ordering.

Definition 1.4. A collective solution of the system (1.1) is a sequence Q = (x!,...,29), 2’ € X,
such that for every j € N,, the inequality f;(¢;(z'),..., ¢;(29)) > 0 holds. In a particular case,
when fj(ai,...,aq) = |{i : a; = 1}|—c;q for numbers a; > 0, a collective solution of the system (1.1)
is called a generalized solution of this system.

2. EXISTENCE THEOREMS

In this section, we give theorems of existence of committees and constructions which generalize
them for various classes of systems of constraints. The proofs of most of them are constructive;
at the same time, we present various upper bounds for the number of elements in minimum
committees (collective solutions, p-committees, etc.) for the systems of inclusions (inequalities)
under consideration.

Theorem 2.1 ([11)). If there exists a collective solution (generalized solution, (z,p)-solution,
etc.) of the system (1.1), then there exists a corresponding solution composed of solutions of its
MCSs.

In the problem (1.8) of finding a minimum committee of the system (1.1), this theorem permits
one to reduce the dimension of the space by setting only those components of the vector z to be
nonzero for which the vectors ¢ are pairwise incomparable, i.e., they satisfy the condition

Vip #Zio dj €Ny, e (,0;-1:17 903.2:—1,

Definition 2.1. A system of representatives for the sets Di, ..., D,, is a finite sequence
M = (z', ..., 2™), ' € X, such that ° € D;. A system of representatives M is called a system of
distinct representatives if z° # 27 for any i # j.
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S70 KHACHAI, MAZUROV, AND RYBIN

Denote by L(M) = {z'|i € N,,} the set of elements of M. |L(M)]| is called the number of
members of the system of representatives M. It is obvious that the system (1.1) is consistent if and
only if there is a system of representatives M of the sets Dy, ..., D,, containing only one member.
A more general assertion holds.

Theorem 2.2 ([10]). If for any j € Ny, there is a system of representatives M; for the sets
DiNDj,...,Dy N Dj consisting of at most r members (r > 1), then the system (1.1) is solvable
by a p-committee for p = 1/r. In particular, for r = 2 the system (1.1) is solvable by a committee
of 2m elements.

Proof. Let My, ..., M,, be the systems of representatives appearing in the assumption of the
theorem. Set L(M;) = {x;, . ,x;j}, rj < r. Let us verify that the sequence

| 1.2 r 1 1.2 r
Q= (z1,...,27,27,...,2] ,...,xm,...,x@,xm,...,xmm)
———— —_———
r—ri+1 r—rm+1

is a p-committee of the system (1.1) for p = 1/r. Note that by construction of @ for every j € N,,
the equality gpj(a:f) = 1 holds for arbitrary k € N,,. Moreover, for every i € Ny, \ {j} there is a

number k = k(i,7) such that gpj(:nf(i’j)) = 1. Denote by y',..., y"™ the elements of Q. By the
definition of a p-committee, it suffices to verify that for every j € N, the inequality

%‘Pj(yi) >(2p—1)rm=m(2—r)
i=1

holds. Indeed, from the above remark it follows that

i) zr+m—1—(m—-1)(r—-1)=m2-r)+2(r—1)>m(2-71),
=1

which completes the proof of the first assertion of the theorem. The second assertion is checked
analogously.

Theorem 2.3 ([10]). If any k sets of the system (1.1) intersect and k/m > p, then the
system (1.1) is solvable by a p-committee.

Similarly to the preceding theorem, this one is proved by direct verification.

It is easy to show that the assumptions of Theorems 2.2 and 2.3 are not necessary for the
existence of a p-committee. Indeed, let us consider, for example, a system of the form (1.1) with
the sets D1 = {1,2,3}, Dy = {1,4}, D3 = {2,4}, and Dy = {3,4}. Tt is seen that Q = (1,2,3,4,4)
is its committee (a p-committee for p = (3/5) — € and arbitrary € > 0); however, for the system,
the assumptions of Theorem 2.2 for » = 2 and of Theorem 2.3 for £ = 3 do not hold.

Let us formulate a simple necessary condition for the existence of a p-committee.

Theorem 2.4 ([11]). Let K = (z',...,29) be a p-committee of the system (1.1), then it
contains an element x' such that |{j : x* € D;}| > pm.

This result was also obtained independently by K. S. Kobylkin [23, 24].

Proof. Suppose the contrary, let [{j : z' € D;}| < pm for every i € N,. As usual, to

1, 2'e Dj,
—1, ﬂj‘i ¢ Dj.
Since K is a p-committee, it follows that >7_; <,0§- > (2p — 1)q for any j € N,,. Therefore,

each 2! we put into correspondence a vector ¢! € {—1,1}™ such that <,0§- = {
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>y > gpz- > m(2p — 1)g. On the other hand, by assumption, > 7" <,0§- < (2p — 1)m for every
i € Ng; hence, 37, > gpé— < q(2p — 1)m. Consequently, the contrary assumption does not hold,
which proves the theorem.

This theorem immediately implies the presence of an MCS of cardinality greater than pm in a
system solvable by a p-committee, and an MCS of cardinality at least ﬂ:kflm in a system solvable
by a committee which consists of 2k — 1 elements.

Theorem 2.5. Let Q= (z',2%,...,2%%) be a committee of the system (1.1) for k € N. Then

the sequence Q' = (x', 22, ... ,xzk—l) is also a committee of this system.

Further, let X be a real linear space, l1,...,l,, € X* be linear functionals on X, and let
bi,...,by € R. Let us consider the issue of the existence of a committee of the system of the
inequalities

l](:E) > bj (] S Nm) (2.1)

By virtue of the finiteness of the system (2.1) [17], the problem of investigating committee solvability
of the system (2.1) is equivalent to an analogous problem for a suitable system of inequalities in

R™, where n is the rank of the system of the functionals Iy, ..., L.

Indeed, let I' = {z € X |lj(z) =0 (j € N;,)}. Then X = X,, ® T, where X,, is the real n-
dimensional linear space. Let e1, ..., e, be a basis of X,,, let a;; = lj(ei) and z = ziel+.. 4z, +2,
where z € T. Then [;(z) = 30", zli(e!) = Y1 ajx;. Define x = [z1,...,2,]T € R, a; =
[aj1,...,a,) € R, and (a;,z) = > i%; ajz;. Consider the system

(aj,x) >bj (j € Nm) (2.2)

in R™. Let us formulate the above reasoning in the form of a lemma.

Lemma 2.1. A necessary and sufficient condition for the existence of a collective solution
(a generalized solution, (z,p)-solution, ...) of the system (2.1) is the existence of an analogous
solution of the system (2.2).

The lemma allows us to consider throughout the paper the problem of finding committee
constructions for a system of linear inequalities in R".

Let us formulate conditions of existence of committee solutions to the system of linear inequal-
ities (2.2). Let us adopt to denote the rank of its subsystem (2.2); by (L) and the rank of the
whole system by r.

Theorem 2.6. The system (2.2) is solvable by a majority committee if and only if every of
its subsystem of two inequalities is consistent.

The necessity of the condition of the theorem is obvious. The sufficiency will follow from
Theorem 2.8 presented below; although historically, it was proved directly (see, for example, [10]).

Lemma 2.2. (1) Let @ # L C N,,, and let the condition r(L U {j}) > r(L) hold for every
j € Ny, \ L. Then the system

(aj7x) =0 (] € L)7
. (2.3)
(aj,2) #0 (j €Ny \ L)
18 consistent.
(2) If, besides this, @ # L' C L is the index of a consistent subsystem of the system (2.2), then
there exists such a covering L1, Ly of the set Ny, \ L that the subsystems (2.2) 1, and (2.2)1, ),
are also consistent.
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Proof. (1) Suppose the contrary, let the system (2.3) be inconsistent. Consider its maximal
consistent subsystem

(aj,z) =0 (jeL),
{ (aj,z) #0 (jel), (2.4)

where I C N,,, \ L and an arbitrary number jy € N,,, \ (L U I). By assumption (L U {jo}) > r(L);
hence,

(CL]‘,JE):O (]GL)a
(ajo’ 33) =1

is consistent. Denote by 270 its arbitrary solution, and by z! a solution of the system (2.4). Then

the vector ez + 2! is a solution of the system

{(aj,:o:o (jeL),
(aj,z) #0 (j € TU{jo})

for sufficiently small £ > 0, which contradicts the choice of 1.
(2) Denote by z” a solution of the system (2.3), and by 2" a solution of the subsystem (2.2) .
Take a real parameter v > 0 such that the inequality

max{(aj,a:y + axh), (aj,a;L/ —azl)} > b,

holds for any j € N, \ L. The sets L1 = {j € N, \ L | (aj,2" + az’) > b;} and Ly = {j €
N\ L | (aj, 2" — az’) > b;} are desired.
Lemma 2.3. Let Lo, Lq,...,Ls be proper subsets of N, satisfying the properties:
(1) LyULU...ULs =Ny,
(2) (LU {5}) > r(Ls) for any i € N, and j & L,
(3) the subsystem (2.2) is consistent,
(4) for every i the subsystem (2'2)Lz’ 1s solvable by a committee of at most q elements.
Then the system (2.2) has a committee with at most 2qs + 1 elements.
Proof. Denote by 2° an arbitrary solution of the subsystem (2.2) Lo» Which is consistent by
assumption. Let us fix an arbitrary number ¢ € Ny, and denote by 2* a solution of the system

{ (aj,) =0 (j € Ly),
(aj,2) #0 (j € Ny \ L),

0,2

bl g2 . yb¥) a committee of the subsys-

which is consistent by Lemma 2.2, and denote by (y
tem (2.2) L By assumption, ¢; < g. Applying the second assertion of Lemma 2.2 ¢; times, we verify
that there is a number «; > 0 such that the sequence Q; = (y»' + a;2',y"% £ a2, ..., y»% £+ a;2"),

which is a committee of the subsystem (2.2); , satisfies the condition
K3

max{(a;,y"" + ;2%), (aj,y"" — ;2")} > b; (€ Ny \ Ly, keNg,). (2.5)

Indeed, let us consider the inequality with an arbitrary number j € N,,. By assumption, there is
a number i = i(j) € {0,1,...,s} such that j € L;. If i = 0, then (a;,2") > bj; hence, by (2.5) the
number of elements of @ satisfying the jth inequality is at least > ;_; ¢ + 1 > %(2 i1 +1). If
1 > 0, then the jth inequality is satisfied by more than a half of elements of ();; consequently, the
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total number of elements of the sequence @) satisfying this inequality is at least ¢; +1 +Zf:17t# q >
$(23°7_1 +1). Therefore, the sequence

0o, 1,1 1,12 1 1, 1 s,1 s 8,2 s S, s
Q=("y Tz, y " tarz,...,y T tagz,. .., y° a2’y L a2’ .yt £ ag2®)

is a committee of the system (2.2) with the number of elements being 2>°7_; ¢; +1 < 2¢s + 1.

Denote by [z] and [z] the result of rounding a real number z to the nearest integer from
“above” and “below”, respectively.

Theorem 2.7. Let every subsystem of the system (2.2) of rank k, 0 < k < r, be solvable by
a committee of at most q elements. Then the system (2.2) is also solvable by a committee with the
number of elements being bounded from above by

2q P(m_ikl)m-‘ + 1.

Proof. Let (2.2),; be the maximal, with respect to inclusion, subsystem of the system (2.2) with
the rank k. By assumption, it is solvable by a committee of at most ¢ elements. By Theorem 2.5
we can consider ¢ to be odd, let ¢ = 2t — 1. Consequently, there exists a nonempty subset L' C L
such that the subsystem (2.2);, is consistent; in addition, by the remark to Theorem 2.4, |L'| >
[5551IL| > |L|/2. By Lemma 2.2 there is a consistent subsystem (2.2)p, such that Ly 2 L' and
|Lo| > |L'| + [(m — |L])/2] > m/2. Let us consider the partition Lj U L5 U ... UL, = Ny, \ Lo
such that 7(L}) = k for all i € Ny_y and (L)) < k. By construction, s < [(m — |Lo|)/k]. Let us
associate a subsystem (2.2); with each i € Ny, where L} C L; and r(L; U {j}) > r(L;) for every
j & L;. By Lemma 2.3 the system (2.2) is solvable by a committee of at most

2qs +1 < 2q

CGESUEN

elements.

Theorem 2.8. Let every subsystem of the system (2.2) consisting of k +1 (0 < k < r)
inequalities be consistent; then the system is solvable by a majority committee with the number of
elements being bounded from above by

p[lim= 72

1.
ik

Proof. Let the subsystem (2.2); be the maximal, with respect to inclusion, subsystem of the
system (2.2) with the rank k. By assumption, it is consistent; hence, by Lemma 2.2 there exists a
consistent subsystem (2.2); such that [Lo| > |L| + [(m — |L[)/2] = [(m + |L])/2] > [(m + k)/2].
To complete the proof, we apply considerations of the proof of the preceding theorem for g = 1.

Remark 2.1. From the following well-known fact [9]:

An arbitrary system (2.2) of consistent linear inequalities has consistent subsystems
(2.2)p, and (2.2), such that L1 U Ly = Ny,

it follows that in Theorems 2.6-2.8, for the system of linear inequalities (2.2) with a; # 0 there
exists a committee with not only a given number of elements but also with any greater odd number.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Suppl. 1 2002



S74 KHACHAI, MAZUROV, AND RYBIN

Note that in the case of a system of nonlinear inequalities this last assertion, generally speaking,
does not hold.

Example 2.1. Let us consider a system of polynomial inequalities defined on the plane.
In Fig. 1, we shaded the sets of solutions of its five maximal consistent subsystems denoted by
LI, ..., and V, respectively: 1= {1,2,3,4,5,6}, II= {1,2,3,7,8,9}, III= {1,4,5,7,8,10},
IV=1{2,4,6,7,9,10}, and V= {3,5,6,8,9,10}; and the minimum committee of the system consists
of solutions of these subsystems taken by one. The system has no committee of 7 elements.

' (£)"+ () <1

LA ! . (x —9)% + (y + 10)? < 169  (2)

i A | Tt : (x+9)% + (y + 10)2 < 169  (3)
- e TR ATET o (z +10)2 + (y + 4)2 > 225 (4)
. A (x—lO) (y+4)2 > 225 (5)

LIfY L —0.037* + 14422 — 14—y > 0 (6)

LA (z—3)2 + (y — 3)° < 36 ()

| *- (z+3)? ( 3) < 36 (8)

4 (2)° + (45 <10

s | 0.01% - 0.562% + 6 — y < 0 (10)

Fig. 1. An example of system of inequalities which is solvable by a committee of 5 elements and
not solvable by a committee of 7 elements.

Remark 2.2. Theorem 2.8 in some sense generalizes the well-known Helly theorem to the
case of inconsistent systems of linear inequalities. Indeed, for k£ > r, by the Helly theorem, the
system (2.2) is consistent thus having a committee of one element; for 1 < k < r the system might
be inconsistent in the ordinary sense, but by Theorem 2.8 it has a committee with the number of
elements satisfying the upper bound specified in the theorem; thus, the number of elements in a
minimum committee of a system of linear inequalities can serve as a measure of its “consistency”
(or inconsistency).

Let B be a Banach space and f1,..., f;, be real functionals on it. Consider the system of
inequalities

fi@) >0 (j €Np). (2.6)

Theorem 2.9 ([10]). Let functionals f1,..., fm be Frechet differentiable at the point xo = 0,
so that

(1) f;(0)=0 (5 € Np),
(2) the rank of system of functionals f}(0) equals r > 0,
(3) for 0 < k < r every subsystem of k + 1 inequality of the system

fi(0)z >0 (j € Nn)

15 consistent.

Then the system (2.6) is solvable by a committee with the number of elements being bounded from
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above by

L(m — k)/2]
2|

W+1.

To prove this theorem, it suffices to linearize f; at zero and consider the system of linear
inequalities f7(0)z >0 (j € Ny).

3. HYPERGRAPH OF MAXIMAL CONSISTENT SUBSYSTEMS
The problem of studying the committee solvability of the system
zeD; (jeNy), (3.1)

in which not all sets D; are empty, is closely connected with the problem of studying the structure
of the set of its maximal consistent subsystems (MCS). It is convenient to formulate the latter
problem in terms of the graph theory.

Let us define the hypergraph of MCSs of the system (3.1) and consider some of its properties
connected with the committee solvability of the studied inclusion system.

Definition 3.1. A hypergraph of MCSs of the system (3.1) is the hypergraph G = (V, E),
where V' = {J;,..., Jp} is the set of indices of MCSs of the system (3.1), and {J;,,...,J;,} € Eif
and only if Jj—; Jiy, = Np.

Let us find necessary and sufficient conditions for an arbitrary finite hypergraph I' to be the
hypergraph of MCSs of some system (3.1) up to isomorphism. As usual [8], we will say that
hypergraphs I' and G are isomorphic if there exists a one-to-one mapping ¢ : VI' — V such
that v = {v1,...,vs} € ET if and only if {p(v1),...,¢(vs)} € E. In the sequel, we will denote

{e(v), -5 @(vs)} by @(u).

Theorem 3.1. LetT' = (VI,ET), where VI = {v1,...,v,} is a finite graph without multiple
edges. The hypergraph T' is isomorphic to the hypergraph G of MCSs of a system (3.1) for suitable
numbers m, n and sets D1, ..., D, CR™ if and only if ET" satisfies the conditions

if p>1, then ET is loopless, (3.2)
(ue ET, uCw) = w e ET.

Proof. Necessity. Let the graph I" without multiple edges be isomorphic to the hypergraph G
of MCS of a system (3.1), and let ¢ : VI' — V be an isomorphism of T" onto G. Let us show that
conditions (3.2) and (3.3) are fulfilled. Indeed, if p > 1, then the system (3.1) is inconsistent; hence,
the set E of edges of the hypergraph G is loopless by the definition of the hypergraph of MCS;

consequently, ET is also loopless, since I' and G are isomorphic. Now, let u = {v1,...,vx} € ET
and w = {v1,..., v, ..., s}, then p(u) = {Jiy,..., Ji, }, o(w) = {Jiy,..., Jipy. .., Jis}, where
Jiys .., Jig are some indices of MCSs of the system (3.1). Since ¢ is an isomorphism, then ¢(u) €

E; hence, Ur_, Ji, = Ny, consequently, U;_; Ji, = Ny, and ¢(w) € E by the definition of the

hypergraph of MCSs; whence w = ¢~ !(¢(w)) € ET, since ¢! is also an isomorphism.
Sufficiency. Let us show that if conditions (3.2) and (3.3) are fulfilled, then there exist a number

m and sets D1, ..., D, € N such that the hypergraph G of MCSs of the system (3.1) is isomorphic

to I'. If p =1, then two cases are possible: T' = ({v1},{{v1}}) and T' = ({v1}, @). In the first case
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we set m = 1 and D; = {1}, in the second case we set m = 2 and D; = {1}, Dy = @. It is seen
that in both cases the hypergraph of the MCS of the constructed system (3.1) is isomorphic to T.
For p > 1 we put
w =2\ (ETu{@}).

Because the set W is finite, we will assume that W = {wq, ..., w,,}, where m > 0. Note that since
I" is a loopless hypergraph it follows that W contains all one-element subsets of VI'. Let us put

i ={i | v ¢ wi}

for all £ € N,,. The constructed sets satisfy the following conditions:

@ #+ Jy C Ny, (3.4)
Jk1 \sz 75 1%} (kl 7£ k2)7
U k=N & {v | ke L} € ET (@ # L CN,). (3.6)

keL

Conditions (3.4) and (3.5) guarantee that the sets Jy,...,J, are indices of MCSs of some inclusion
system. Indeed, for every j € N,,, let us put

D;={ieN,|jeJ} (3.7)

It is seen that the sets Ji,Js,...,J, and only them are indices of MCSs of the system (3.1) with
the sets D; defined by relation (3.7). Indeed, by construction for every J; and j € J; the inclusion
i € Dj holds; hence, mjeJ,- Dj # @. On the other hand, let ;e D; # &, where L # &. By
construction there is i € N}, such that i € D; for every j € L; hence, L C J;.

Defining a one-to-one mapping ¢ : VI' — V in the natural way: ¢(v) = Jg, by condition (3.6)
we conclude that ¢ is an isomorphism of the hypergraph T onto G.

The theorem is proved.

In the sequel, we will consider hypergraphs up to isomorphism identifying isomorphic I" and G.
In other words, a hypergraph without multiple edges satisfying conditions (3.2) and (3.3) will be
called the hypergraph of MCSs. The proved theorem implies that the class of hypergraphs of MCSs
of the systems of the form (3.6) is wide enough. Let us select in it a subclass of hypergraphs of
MCSs of systems (3.1) solvable by a committee of ¢ elements for some given ¢ € N. Put k € Ny_;.

Definition 3.2. A finite sequence of vertices S = (v;,, ... s Vig +1) of the hypergraph I' is called
a (g, k)-simplex in the hypergraph I" = (VT, ET") if for every L C Ny such that |L| = k + 1 the
inclusion {Uij : j € L} € ET holds.

We choose the notation (g, k)-simplex from geometrical reasoning. It is seen, for example, that
the vertex-elements of a (2, 1)-simplex form a triangle in the hypergraph I' (3-cycle). The following
simple statement includes a criterion which connects the committee solvabilitiy of the system (3.1)
with the existence of a (g, k)-simplex in its hypergraph of MCSs for appropriate numbers ¢,k € N.

Theorem 3.2 ([15]). The system (3.1) is solvable by a committee of q elements if and only if
in the hypergraph G of its MCSs there is a subhypergraph whose vertices form a (q—1, |(¢g—1)/2])-
simplez.

Proof. Let Q = (z!,...,29) be a committee of the system (3.1), and let G be the hypergraph
of its MCS. Put J! = {j | 2* € D;} for every i € N,. Let .Ji, ..., J, be not necessarily distinct indices
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of MCSs of the system (3.1) such that J; C J; (i € N,). Let us show that (Jy,...,J,) is a desired

(4= 1, [(q — 1)/2])-simplex.
Indeed, consider arbitrary L C N, such that |L| = [(¢—1)/2|+1 = |(¢+1)/2]. Without loss of

generality, we set L = {i1,...,7|(g41)/2 }. Let us fix arbitrary j € N,,. If j ¢ (U,L J ,k), then,
)
by construction, j ¢ | Ug_; J/ . Since @ is a committee of the system (3.1), it follows that

jelN? +1 ﬂq ; whence j € U2 a+1)/2] Ji,. Consequently, Ul (a+1)/2] Ji,
o ) €\

Ny, and (Ji,...,Jy) is a (¢ —1,[(¢ — 1)/2])-simplex in the hypergraph G.

Sufficiency. Let us suppose that in the hypergraph G there are (not necessarily distinct) vertices
Ji,...,Jg which form a (¢ — 1, [ (¢ — 1)/2])-simplex. By the definition of an MCS, D(J;) # @. Let
z' € D(J;) (i € Ny). Let us consider arbitrary j € N,,. Without loss of generality, we will suppose

that {i|2' € D;} ={1,...,¢'}. Then j ¢ (U?:qurl Jl) . Consequently, ¢ — ¢’ < (¢ +1)/2]; whence
qd > |q/2] + 1. Therefore, according to the definition, Q = (z!,...,29) is a committee of the
system (3.1).

The theorem is proved.

We proved a theorem that the problem of finding a committee with a given number of elements
is equivalent to the problem of finding a subhypergraph of a special form in the hypergraph of
MCSs. In the next section, we give a classification of committees in terms of the structure of the
corresponding subhypergraphs of the hypergraph G.

Let us describe properties of the hypergraph of MCSs of a system of linear homogeneous
inequalities defined on the plane. Let the following system be given:

(aj,z) >0 (5 €Ny, (3.8)

where a;, 7 € R? and among the vectors a; there are no zero or oppositely directed vectors. Let
{I1,...,I,} be a set of indices of MCSs of the system (3.8). As mentioned above, p is odd and
equals the number of elements of the minimum committee that solves the system; we thus set
p =2t+1. Let G3 = (Va, E2) be the hypergraph of MCSs of the system (3.8). Below, we show that
it has in some sense an extremal property with respect to the number of elements of the minimum
committee of the system: the set of its edges is maximal with respect to inclusion among the sets
of the edges of hypergraphs of order p of MCSs of arbitrary systems (3.1) which are solvable by a
committee of p elements.
Consider a Boolean m x p matrix whose elements are defined as follows:

s — 1 ifjel,
7)1 0 otherwise.

Let us enumerate inequalities and indices of MCSs of the system (3.8) so as to reduce the matrix
M to a more convenient form for analysis. To this end, we associate with each inequality a unit
vector ¢; in the direction of the line {x | (aj,z) = 0} by taking one of the two possible such that if
moving along the specified line in its direction, the plane {z | (a;,z) > 0} remains from the right.
Denote indices of MCSs of the system (3.6) by I3, ..., I, in the increasing order of the azimuth angle
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corresponding to the direction vector of the left boundary of the solution cone of the relevant MCS.
Let us enumerate inequalities of the system (3.8) by natural numbers 1,...,m in the increasing
order of the azimuth angle corresponding to the direction vectors ¢; which are associated with them
assuming that the number 1 is assigned to direction vector of the left boundary of the solution cone
of the MCS with the index I; (see Fig. 2).

Fig. 2. An example of enumeration of inequalities and maximal consistent subsystems

For the chosen enumeration of inequalities and indices of MCSs of the system (3.8), the matrix
M takes the following form:

1 0 0 1 1
1 1 0 1

M = 1:1 0 0 1 1
0 0 1 1 1
o 0t 1 1]

It is seen that each inequality appears precisely in ¢ + 1 indices of MCSs; besides this, since the
matrix M contains precisely p = 2t + 1 pairwise distinct rows, it follows that inequalities of the
system (3.8) are partitioned into p equivalence classes. Namely, the j;th and jath inequalities appear
in the same indices of MCSs if and only if they are representatives of the same class (respectively
when the jith and joth rows of the matrix B coincide). Let us enumerate the equivalence classes
of inequalities of the system (3.8) by numbers 1,...,p in the natural order.

Thus, Gy = (Va, E5) is the hypergraph of MCSs of the system (3.6) on the plane, Vo =
{I1,...,I,}. To describe the set Ey, it suffices to consider one inequality from every equivalence
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class by introducing, instead of the matrix M, a square boolean p x p matrix

t+1

10 ... ...0 1 ..1 1

11 0 0 1
R 1 0 0 1

1 . . .1 0 .0 t+L

01 1

0
0 .1 S
00 ...0 1 1 .. 1 1]

It is easy to see that, for example, the vertex I; appears in two-elements edges {I1,[;+1} and
{I, I;4+2}. The following simple proposition establishes a condition on the numbers of vertices
belonging to a set u C V3, which is necessary and sufficient for u € Fs. Everywhere below, we
assume that the notation u = {I;,, ..., I;;} implies that the inequalities i; < iy < ... < ig hold.

Proposition 3.1 ([16]). A subset of vertices {I;,,...,Lis} of the hypergraph Gy is its edge if
and only if for every k € Ny the condition

(Z((k (mod s))+1) — Zk) (mOd p) <t+1

is fulfilled.

Proof. Sufficiency is obvious due to the peculiarity of the structure of the matrix M’.

Necessity. Let {I;,,...,Ii;} € Ea. Then [Jj_,; I;, = Ny, by the definition of Ga. Let us show,
for example, that io — i1 < t + 1. Note that the MCS with the index I includes all inequalities
representing classes with numbers &, (k (mod p))+1,...,(k+ (t—1)) (mod p)+1 and only them.
Consider an arbitrary inequality with number 7 from the class ((i; +¢) (mod p))+1. It is seen that
7 ¢ I;,; hence, there is k € {2,3,...,s} such that 7 € I;, . Consequently, all the inequalities from
the specified class belong to the MCS with the index I;;, i.e., either iy = ((i1 +t) (mod p)) + 1 or
there is ¢ € {0,1,...,t — 1} such that ((ix +¢) (mod p)) +1 = ((i1 +t) (mod p)) + 1. In the first
case, i, — 1 = (i — 1) (mod p) = (i1 +t) (mod p), whence, iy, — i3 = (ix, — 1) (mod p) = (¢t + 1)
(mod p) = t + 1. In the second case, iy — i1 = (ix — 1) (mod p) = (t —¢) (mod p) =t —c < t.
Since 19 — i1 < i — i1, it follows that io — i1 <t 4 1.

The proposition is proved.

This proposition implies, in particular, that if the number p is large enough, then F5 contains
edges, which contain no two-element edges. For example, the hypergraph of MCSs of the system
depicted in Fig. 2 contains the edge {I1, I4, Iy} which contains no two-element edges.

Let us also recall some properties of the graph of MCSs of a system of linear homogeneous
inequalities such that the set of vertices of this graph coincides with the set of vertices of the
hypergraph of MCSs of the system, and the set of edges is induced by the subset of two-element
edges of the specified hypergraph.

The notion of the graph of MCSs was first introduced in [13] for systems of strict homogeneous
linear inequalities. Properties of this graph were studied in details in works [4, 5]; in [4] some of
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these properties were generalized to the case of a more general inclusion system. A consequence
of these results is the construction of an algorithm faster than the Fourier—Chernikov convolution
algorithm [17], for finding all MCSs of a system of strict homogeneous linear inequalities.

Let Jp,...,Jp be the indices of all MCSs of the system (3.1). In what follows, we will employ
some notions of the graph theory [8]. Let G = (V,E) be an arbitrary graph. The degree of a
vertex v is the number of edges incident to v, i.e., the number |[{e € E : v € e}|. An alternating
sequence

U17 {Ula U2}7 U27 {U27 U3}7 MR {Ul—la Ul}a Ul? (39)

such that v; € V, {vj,vj41} € E, is called a (v, v;)-path. A path is often specified by the sequence
of vertices appearing in it. A path is called a chain if all its edges are distinct and a simple chain
if all its vertices, may be except for boundary vertices, are distinct. A path (3.9) is called cyclic if
v1 = v;. A cyclic chain is called a cycle, and a simple chain is called a simple cycle. The number of
edges of a path is called its length. A graph G is called connected if for any two vertices v; # v; in it
there exists a (v, vj)-path. Below, we will consider chains and cycles in a hypergraph understanding
them, nevertheless, as the notions introduced here.

Let X be a topological space in which ordered pairs of sets (A1, A;»), .oy (A, AL) are specified.
Define the sets Dy, ..., D,, C X x {0, 1} as follows:

Dj:{[ﬂlwef‘lj}“{m’“%}

and consider the inclusion system
X .
Y= LC,] €D, (jeNn). (3.10)

It is seen that an arbitrary subsystem (3.10); with @ # L C N,, is consistent (i.e., D(L) =
Njer Dj # @) if and only if (Njer A7) U (Njer 4)) # 2.

Theorem 3.3 ([5]). Let the sets Aj, A be open in X, AjN A} =3, and F; = X \ (4; U A))
be nowhere dense in X for all j € Ny,. If the set X \ F, where F' = Uiz; Fi N Ej, is connected, then
the graph of MCSs of the system (3.10) is also connected.

A corollary of the presented theorem is a theorem by V. Yu. Novokshenov on the connectivity
of the graph of MCSs of the system

(aj,z) >0 (5 €Ny, (3.11)

in which a;,z € R", ||aj]| = 1, and a; £ a; # 0 for any i,j € N,,. Indeed, let us associate
with the system (3.11) an appropriate system (3.10) [4] by setting A; = {z|(aj,«) > 0} and
Al = {z]|(aj,x) < 0}. For arbitrary & # L C N,,, denote by C(L) the solution cone for the
subsystem with the index L of the system (3.11). It is seen that C(L) # @ if and only if D(L) # &;
therefore, the sets (and graphs) of MCSs of systems (3.10) and (3.11) coincide. Since F; are
hyperplanes in R", it follows that F}; are nowhere dense in X, and the set F' defined in the theorem
is such that X'\ F'is connected. Consequently, by Theorem 3.3 the graph of MCSs of the constructed
system (3.10) is connected; hence, the graph of MCSs of the system (3.11) is also connected.

Theorem 3.4 ([4]). Let k € N,_1 and every subsystem of (k + 1) inequality of the sys-
tem (3.11) be consistent. Then the degree of any vertex of its graph of MCSs is at least k + 1.
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Theorems 3.3-3.4 allow one to find MCSs of the system (3.11) by constructing paths in the
graph of its MCSs. For example, it is known [13] that if J; C N, is the index of an MCS of an
inconsistent system (3.11), then there is an MCS of the same system with the index J such that
Jo D (J \ Jl).

Theorem 3.5 ([4]). A graph is isomorphic to the graph of MCSs of an appropriate sys-
tem (3.11) on the plane if and only if it is a cycle of odd length q, where 1 < g < m.

In R™ an analogous result is formulated as follows.

Theorem 3.6 ([4]). Any edge of the graph of MCSs of the system (3.11) belongs to a simple
cycle of length at most m.

Theorem 3.7 ([4]). The graph of MCSs of the system (3.11) contains a simple cycle of odd
length at most m.

This last theorem allows us to take a different look at the issue of the existence of a committee
for a system of linear homogeneous inequalities. From the definition of a committee it follows that
if indices Jp, Ja, . .., Jog—1 form a cycle in the graph of MCSs of an arbitrary inclusion system (3.1)
(in particular, of the system (3.11)), then this system is solvable by a committee composed of
solutions of corresponding MCSs taken by one from each system. Thus, the presence of a cycle of
odd length is sufficient for the existence of a committee. The theorem under discussion states that
if a system of linear homogeneous inequalities possesses a committee, then it possesses a committee
associated with a simple cycle of odd length.

Below, we show that in the case of arbitrary inclusion systems the presence of a cycle of odd
length in the graph of MCSs of the system (3.1) is not necessary for its solvability by a committee
(for example, the system considered in the remark after Theorem 2.3 is solvable by a committee
of 5 elements, whereas its graph of MCSs is acyclic); this leads to the problem of classification
of minimum committees with the same number of elements according to the subgraph generated
in the graph of MCS by indices of MCSs whose solutions constitute them. Below, we solve this
problem for committees of 3 and 5 elements.

In addition to the mentioned properties, in work [4] a number of interesting properties of the
graph of MCSs of the system (3.11): colorability, 2-connectivity, etc. is studied.

4. MINIMUM COMMITTEE

In this section, we describe properties of a committee with the minimal number of members,
which is called a minimum committee, of a not necessarily consistent inclusion system

zeDj (jeN,), (4.1)

where D; are some sets in R".

On the set Q of committees of the system (4.1) one can define different criteria for selection
of an optimal element, which implement various approaches to generalization of the notion of a
solution

(1) the criterion of minimum distance between members; it relates to the problem of finding a
committee Q = (z',..., 29) € Q minimizing the value

g(Hxl - 3’2”7 R ‘|$q—1 - :EqH)v
where g is a convex function;
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(2) the criterion of maximum probability of events: “the ith member of the committee satisfies
the jth constraint” (i € Ny, j € N,;,); it relates to the problem of finding Q@ = (z%,...,
x?) € Q maximizing a function p : @ — [0, 1] of the form

. {i: 2" e Dy}
p(Q) = o T

(3) the criterion of optimization of an average profit; it relates to the problem of finding @ =
(x1,...,29) € Q maximizing the value

q .
> (e
i=1
for some ¢ € R™, and others.

The criterion of minimality of the number of elements is one of the most often used optimality
criteria on the set of committees of the system (4.1). However, because of its combinatorial
character, the problem of finding a minimum committee is one of the most difficult in the theory
of committees.

In discrete optimization, there is a notion of N P-complete and N P-hard problems (see, for
example, [6]). Examples of such problems include the well-known traveling salesman problem,
integer programming problems, and the knapsack problem. All these problems are characterized by
the following: first, there is no known algorithm for solving them whose computational complexity is
estimated from above by a polynomial of the length of the writing the conditions of these problems;
second, as is known, if there is such an algorithm for one of these problems, then all problems of
the N P class are also solvable by algorithms with a polynomial estimate of the complexity. Besides
that, an NV P-complete problem is characterized by the fact that they belong to the N P class, which
is a class with a polynomial check of an obtained solution. It is clear that the class P of all problems
solvable by polynomial algorithms is a subset of NP. There is a hypothesis that P # N P, within
whose framework N P-complete problems are most hard in the class NP.

Below, we show that the problem of finding a minimum committee of the system (4.1), in which
all set D; are finite, is N P-hard.

Theorem 4.1. Let Dy,Ds,...,D,, be finite sets. The problem of finding a minimum com-
mittee of the system (4.1) is N P-hard.

Proof. It suffices to prove the N P-completeness of the following problem of property recogni-
tion. The problem COMMITTEE: given subsets D1, Do, ..., D,, of a finite set X and a number
k € N, determine is there a committee of the system (4.1) with the number of elements at most
2k — 1.

We will employ a standard method of proof and show that the problem SET OF REPRE-
SENTATIVES, whose N P-completeness is proved [6], is polynomially reduced to the formulated
problem. The problem SET OF REPRESENTATIVES: given subset Cy,Cs,...,C, of a finite set
S and a number k, determine is there a system of representatives M for the given subsets with the
number of elements at most k.

To prove the polynomial reducibility, it suffices, for an arbitrary finite set .S, a collection of its
subsets C1,...,Cy, and a number k, in a polynomial time of the length of writing of the initial
problem to find a set X and its subsets Dq,..., D,, such that the sets C1,...,C}, have a system

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Suppl. 1 2002



COMMITTEE CONSTRUCTIONS 583

of representatives with the number of elements at most k if and only if the system (4.1) has a
committee with the number of elements at most 2k — 1.

Thus, let S = {s',s%,...,5'} and let Cy,...,C, C S and a number k € N be given. Select
s9¢ S and put X = SU{s"}, m =n+ 1. Set

{Dj = CU{s"} (jeN,),

Dn+1 = S (4‘2)

Clearly, these constructions can be made in a time of order O(m + t).
Let M be a system of representatives for the sets C;...,C, and let L(M) = {s,...,s%} be
the set of its elements, | < k. It is easy to see that the sequence

K=1s...,ss", . .. s
—
-1

is a committee of the system (4.1) of 2l — 1 < 2k — 1 elements, by construction.

——
r

2k’ —1 < < 2k — 1. Since D,,, = S and sg € S, it follows that r < [ — 1; hence, | > k’. Since K
is a committee, among its elements s', ..., s% there is s'U) ¢ C; for any j € N,;; therefore, the
sequence

Conversely, let K = (30, 80 s .,sil) be a committee of the system (4.1) and r +1 =

M = (Si(l),si(z),...,si(”))

is a system of representatives for the sets Cy,...,C,. By construction, the number of elements of
M does not exceed k' < k.

Thus, we showed the polynomial reducibility of the problem SET OF REPRESENTATIVES to
the problem COMMITTEE. Consequently, this last problem is N P-complete and the problem of
finding a minimum committee is N P-hard.

The theorem is proved.

Note that the problem of finding a minimum committee of an arbitrary system of the form (4.1)
for known MCS is polynomial equivalent to the previous problem with finite sets D;; consequently,
it is also N P-hard.

The above reasoning indicates that the minimum committee problem is difficult to solve;
therefore, we arrive at an actual problem of constructing different a priori estimates for the number
of elements in the minimum committee for some classes of systems of inclusions or inequalities.
When finding an estimate for a given inclusion (inequality) system, it is convenient to compare
the hypergraph of its MCSs with the hypergraph of MCSs of another system for which such an
estimate is known. Let a minimum committee of the system

(aj,2) >0 (j €N, (4.3)

on R? consists of p = 2t + 1 elements. Denote by Go = (Va, E3) its hypergraph of MCSs. The
assertions from the preceding section imply that its order also equals p; let Vo = {I1,...,Ip}.

Theorem 4.2 ([16]). Let 1) be a homomorphism of the hypergraph Gy of MCSs of the system
of linear homogeneous inequalities (4.3) on the plane into the hypergraph G = (V, E) of MCSs of
the inclusion system (4.1), and let there exist {Ij,, ..., I, } C Vo such that {Ij,,...,Ix,} ¢ E2 and
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{Vv(Ig,), ¥ (Igy)s - - - W(Ikg)} € E. Then, the number of elements of a minimum committee which
solves the system (4.1) is less than p.

Proof. Let us use the following statement, which is easy to check. Let Jy,..., Josy1 be a chain
in the hypergraph G, i.e., F contains edges {Jy,J2}, ...,{Js—1, Js}. Then, the system (4.1) is
solvable by a committee composed of solutions of MCS-vertices of the chain taken by one if and
only if {Jl, Js3, ..., J28+1} € F.

Let {Iy,,...,Ix,} C Va be such that {I,,...,Ix,} ¢ E2 and {¢Y(Iy,),...,v¥(Ix,)} € E. By
Proposition 3.1, there is j € Ng such that

(k((j (mod s))+1) — kj) (modp)>t+1.

Since p = 2t + 1, it follows that such j is unique. Without loss of generality, one can assume that
1=k <ky<...<ks=kand (1—k) (mod p) >t+ 1, whence k < ¢.

Let us consider the vertices Iy, Iyio, I, . .., Ii1k, I of the hypergraph Gs. It is easy to see that
they form in it a simple chain (Es contains edges {I1, It+o2}, {It+2, 2}, - - ., {Lt+k, I }); consequently,
(), v (Ii42), 0(12), ... s (Iisk ), (1) also form a chain in the hypergraph G, since ¢ is a homo-
morphism. Since

and the first set belongs to E, it follows that {¢(I1),4¥(l2),...,¥(I;)} € E; consequently, by the
above proposition the system (4.1) is solvable by the committee composed of solutions of MCSs
with indices

w(Il)7 w(It+2)7 w(IQ)v o 71/}([t+k)7 w([k)

taken by one from each. The number of elements of this committee is 2k —1 <2t —1 < 2t+1 = p.
The theorem is proved.

Remark. In the proof of the theorem we obtained an algorithm for estimating the number of
elements of a minimum committee of the system (4.1). If G is homomorphically embedded in
G, then a minimum committee of the system (4.1) contains at most p elements. If in addition
the homomorphic image of G2 is “more connected” than G, i.e., there is {I;,, ..., I;;} C V3, such
that {L;,,..., Lis} & Eo, {¢(1;,),...,¥(I;5)} € E, and Z(((k (mod s))+1) — i) (mod p) >t + 1, then
the number of elements in a minimum committee of the system (4.1) does not exceed 2((ix —

i((k (mod s))+1)) (mod p)) +1 < p.

Let us apply these considerations to sharpen the estimate of the number of elements in a
minimum committee for a system of nonhomogeneous linear inequalities. Consider the inconsistent
system of inequalities

(aj,:n) > bj (] € Nm) (4.4)

such that z € R" and every subsystem of two inequalities is consistent. By Theorem 2.6 the
system (4.4) is solvable by a majority committee. It is required to estimate from above the number
of elements of its minimum committee. Theorem 2.6 provides such an estimate in the general case:
the number of elements of a minimum committee is at most 2m — 1. However, in most practical
problems one succeeds to construct a committee with the number of elements being considerably
less. Indeed, since the data in the specified system (4.4) is given, as a rule, approximately, we can
assume that among the vectors a; there are no zero or oppositely directed vectors; as a consequence,
the problem of finding committee of the system (4.4) can be reduced to an analogous problem for
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the system
(aj,2) >0 (j € Nn)- (4.5)

Below, by the class of all systems of linear inequalities we mean the class of systems of the form (4.4),
for which the system (4.5) is solvable by a committee. By Theorem 2.8 the number of elements
in a minimum committee of the system (4.5) does not exceed m; moreover, this estimate is sharp
in the class of arbitrary systems of linear inequalities. Theorem 4.2 allows us to obtain a more
sharp, than m, estimate for the number of elements in a minimum committee of a system of linear
inequalities using a slightly different approach.

Let us consider a linear operator ® : R® — R? such that among the vectors ®(ay), ..., ®(a,,)
there are no zero or oppositely directed. In this case, the system

(®(a;),y) >0 (j € Np) (4.6)

is committee solvable; hence, such is the system

(®(a;),y) > b; (J € Np). (4.7)

If Q" = (y!,...,y?) is a committee of the system (4.7), then Q = (®*(y'),..., ®*(y9)) is a committee
of the system (4.4).

Let {I1,...,Ip} and {J1,...,J;} be sets of MCSs, and let G(46) and G(4.7) be the hypergraphs
of MCSs of the systems (4.6) and (4.7), respectively. By the definition of the hypergraph of MCSs,
VGuey = {11,---,Ip}. Define

W =2Y66w0 \ (EGue U{@,{I1},...,{I,}})

By virtue of Proposition 3.1, for any element w = {[;,,...,I;;} € W, there is k € Ny such that
(i((k (mod s))+1) — i) (mod p) > t + 1, where p = 2t + 1. Define the function A : W — Z by
A(w) = (ix = i((k (mod s))+1)) (mod p), and define the set

W/:{’w:{fil,...,fis}EW|Vk‘€Ns EL]ij Jj Qlik’ Uij:Nm}

and the number
P min{A(w) |w € W'} if W # &,
(4.4) = t otherwise.

Theorem 4.3 ([16]). The number of elements in a minimum committee of the system (4.4)
is al most 20(4.4) + 1.

In the theorem, we justify an estimate which sharpens an earlier estimate for the number of
elements of a minimum committee in the class of systems of linear inequalities and which depends
on the vectors ai,...,a;,,b and the operator ®. Namely, in the proof of the theorem for the
system (4.7), we find a minimum committee among the committees constructed from solutions of
MCSs, whose indices include the indices of MCSs of the system (4.6), forming a chain in G 4.

One can show that the obtained estimate is sharp in the class of the systems (4.4) for which
the system (4.7) has no other MCSs, except for those all of whose indices include some indices of
MCSs of the system (4.6).
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Fig. 3. An example of a system of nonhomogeneous inequalities

The system of inequalities of the form (4.7) depicted in Fig. 2 has an MCS with the index Js,
which contains, as a proper subset, the index I3 of MCS of the system (4.6) corresponding to it.
Therefore, by Theorem 4.3 the minimum committee of the depicted system has at most 7 elements.
It is seen that the minimum committee of the depicted system contains precisely 7 elements (it
consists of solutions of MCSs with indices Jo, ..., Js, J7, Js, Jg), whereas the minimum committee
of the system (4.6) contains 9 elements.

On classification of minimum committees.

In the preceding section, we established the connection between the existence of a committee
with a given number of elements ¢ for the inclusion system (4.1) and the existence of a specific
subhypergraph in the hypergraph of MCSs of the system, namely, such a subhypergraph whose
vertices form a (¢ — 1,[(¢ — 1)/2])-simplex. It is clear that for ¢ = 3 such a subhypergraph
is uniquely defined; however, as ¢ grows, the number of pairwise nonisomorphic subhypergraphs
satisfying this property grows fast. It is easy to see that properties of a committee, as a generalized
solution of the system (4.1), depend on the subhypergraph corresponding to it. By this argument,
it is reasonable to enumerate minimum committees with a given number of elements, using the
notion of isomorphism of hypergraphs.

Definition 4.1 ([15]). A sequence (Ji,...,J;) of indices of MCSs of the system (4.1) is called
a g-committee generating set (g-CGS) if there exists a minimum committee Q = (z!,...,2%) of the
system (4.1) such that 2* € D(J;) = Njes; Dj for every i € Ng.

From the proof of Theorem 3.2 it follows that if the number of elements in a minimum committee
solving the system (4.1) equals g, then the notions of a ¢-CGS and a (¢ — 1, | (¢ — 1)/2])-simplex
coincide. We further consider only those committees of the system (4.1) which consists of solutions
of its MCSs. In addition, we will assume that two committees (1 and ()2 are equivalent if their
corresponding members are solutions of the same MCSs. According to this assumption, to classify
minimum committees of ¢ elements, it suffices to enumerate all pairwise nonisomorphic g-CGSs.

Let K = (J1,...,Jy) be a ¢-CGS of the system (4.1) and let L(K) = {J;,,..., ;. } be the set
of indices in K, where r < q.
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Definition 4.2 ([15]). A hypergraph (graph) of g-committee generating set K is the hypergraph
G(K) (subgraph G(K)) generated by the set L(K) of vertices in the hypergraph (graph) of MCSs
of the system (4.1).

Let us consider an inconsistent inclusion system
T € D;- ( € Nyw) (4.8)

in which D} € R" as in the system (4.1). Let K’ = (J{,..., J;) be a ¢-CGS of the system (4.8).

Definition 4.3. We say that ¢-CGSs K and K’ are isomorphic if the hypergraphs G(K) and
G'(K') are isomorphic.

By this definition, the problem of enumerating g-CGSs is equivalent to the problem of enumer-
ating pairwise nonisomorphic hypergraphs G(K). Since the hypergraph of an arbitrary 3-CGS is a
cycle of length 3 and, as a consequence, all 3-CGSs are pairwise isomorphic, we will solve the posed
problem in the simplest nontrivial case when ¢ = 5. Denote by S the set of all systems of arbitrary
inclusions of the form (4.1), and by S an arbitrary element of S, i.e., a specified system (4.1).
Denote by K(S) the set of all 5-CGSs possessed by the system S, and put K(S) = Uges K(5). For
further considerations, let us take into account the following obvious proposition.

Proposition 4.1. Let G and Go be hypergraphs of MCSs with the following property:
(u CVG;, |ul=3) = uwe EG; (1=1,2), (4.9)

and let 'y, 'y be graphs such that VI'; = VG; and ET; coincides with the subset of two-element
edges of the set EG;. Then, the hypergraphs G1 and Go are isomorphic if and only if the graphs T'y
and T'y are isomorphic.

Since the hypergraph of an arbitrary 5-CGS satisfies condition (4.9), this proposition implies
that 5-CGSs K and Ko are isomorphic if and only if their graphs I'(K;) and T'(K3) are isomorphic.

Theorem 4.4. The set K(S) contains precisely 15 pairwise nonisomorphic elements.

Proof. By definition, a 5-CGS contains at least 4 distinct indices. If a 5-CGS Kj contains
precisely 4 distinct indices, then its hypergraph is unique up to isomorphism; thus we will assume
that Ko = (Jy, J1, Jo, J3, J4) and its hypergraph 'y = T'(Ky) = (V(Ky), E(Kp)) is as follows:

V(Ko) = {J1, J2, J3, Ju}, E(Ko) = {{J1,J2},{J1,T3},{J1, Ju}}.

If K contains 5 distinct indices, then T'(K) has 5 vertices and has no cycles of length 3. As
is known [14], there exist precisely 14 pairwise nonisomorphic simple graphs I'y,...,T'14 with 5
vertices, containing no cycles of length 3. Respectively, by Proposition 4.1, there exist precisely
14 pairwise nonisomorphic hypergraphs G1, ..., G4 possessing this property and satisfying condi-
tion (4.9). Since they all are not isomorphic to the hypergraph Gy = G(Ky), it follows that the
number of pairwise nonisomorphic 5-CGSs is at most 15.

Let us consider the hypergraphs Gy, ..., G14. By Theorem 3.1, for every k =0, ..., 14 there is a
number my, € N and sets DF, ... D,’%k such that the hypergraph Gy, is isomorphic to the hypergraph
of MCSs of the inclusion system

zeD) (jENg,). (4.10)

Since the hypergraphs Gy, ...,G14 contain no cycles of length 3, Theorem 3.2 implies that the
number of elements in a minimum committee solving the system (4.10) equals 5; besides this,
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the only 5-CGS of the system (4.10) is K} such that G(Kj) = Gy for every k = 0,...,14. By
construction, G, ...,G14 are pairwise nonisomorphic; therefore, Kjy,..., K14 are also pairwise
nonisomorphic by the definition of isomorphism of 5-CGSs, and hence, the number of pairwise
nonisomorphic 5-CGSs equals 15.

The theorem is proved.

By the statements proved above, the set IC(S) of all 5-CGSs is partitioned into 15 equivalence
classes of pairwise nonisomorphic 5-CGSs, according to the number of pairwise nonisomorphic
simple graphs which are admitted by the definition of a 5-CGS. However, in applied problems, as a
rule, we will be interested in the number of equivalence classes in the set K(S') for some subset S’
of the set of all inclusion systems. It is natural to suppose that for sufficiently small S’ a result valid
for KC(S) is not valid for I(S’). Indeed, if Sy, is the set of all finite systems of linear homogeneous
inequalities on the plane, then all elements of (Sy) are pairwise isomorphic, since the graph of
each 5-CGSs is a simple cycle of length 5. It is interesting that already for the set Sg of all finite
systems of polynomial inequalities of degree at most 2 on the plane, the conclusion of Theorem 4.4
is not valid.

Theorem 4.5 ([15]). The set K(Sq) contains precisely 15 pairwise nonisomorphic elements.

5. ESTIMATES FOR A MINIMUM COMMITTEE

In this section, we consider the issue of estimates of the number of elements in the minimum
committee for an inconsistent inclusion system

zeD; (jeNy), (5.1)

where D; are some sets of an arbitrary set X.

Denote by M,%On the set of all nonnegative m x n matrices, and by Mnilln the set of all possible
m X n matrices whose elements belong to the set {+1, —1}. Let E,,, E, ... denote identity matrices
of corresponding dimensions. For any m x n matrix C, the matrix norms ||C||;, and [|C|; are
defined as follows: .

[Cn = > eyl lICIh = max > leyl-
1€Nm, jENn, i=1

The problem of finding the minimum committee can be reduced to solving the problem (1.8).

Let us rewrite it in the following form, which is convenient for further reasoning:

min{Zzi | Az >0, zEZﬁ}, (5.2)
i=1

where A € Mnilln Since the optimal vector in the problem (5.2) determines multiplicities of distinct
elements of the minimum committee, we will call it the minimum committee.
Let us consider separately the constraints of the problem (5.2):

Az > 0. (5.3)

Let the system (5.3) be consistent. In the sequel, we will suppose that for the system (5.3) the
following condition is fulfilled:
(Az > 0) = (2 > 0). (5.4)
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This restriction implies that any committee of the system (5.1) is composed of solutions of all,
without exception, maximal consistent subsystems. There are known classes of inclusion systems
for which fulfillment of condition (5.4) is guaranteed?. In the general case, condition (5.4) is
rather restrictive. Nevertheless, in a number of cases when the set X is not finite, it is difficult to
obtain solutions of all maximal consistent subsystems; instead of this, solutions of some consistent
subsystems of the system (5.1) are computed. Then, the corresponding problem of the form (5.2),
which leads to an approximate solution of the initial problem, can be posed with the help of
some minimal set of solutions of consistent subsystems, which is sufficient for constructing at least
one committee, since, as shown below, condition (5.4) is automatically fulfilled. In addition, any
solvable problem of the form (5.2) can be reduced, generally speaking with loss of accuracy, to a
problem for which condition (5.4) is fulfilled. This is confirmed by the following theorem.

Theorem 5.1. For a matriz A € Miln, the following conditions are equivalent.

(a) the system Az > 0 has at least one nonnegative solution;

(b) there exists a subindex o = {j1,72,...,Jx} C Ny such that for the submatriz A(c) =
[@sjy gy - - - Qujy ] € Mg, composed of the columns of the matriz A with numbers from o,
the system A(o)z > 0 is consistent and for any of its solution z it follows that Z > 0

(c) there exists a subindex o = {j1,J2,..-,jk} C N, such that for the submatriz A(c) =
(@) Qs - ..a*jk] € M, 1, composed of the columns of the matriz A with numbers from o,

the system A(c)z > 0 is consistent and there exists a nonnegative matriz B € Mkzgl such
that BA(O’) = Ek.

Proof. Let us carry out the proof by the following plan: (a) = (b), (b) = (¢), (¢) = (a).

(a) = (b) Consider the system
Az > 0. (5.5)

Let the set of nonnegative solutions of the system (5.5) be nonempty. Select o as follows. Con-
sider a nonnegative solution zZ with the least possible number of positive components. Define
o ={j € Nn|zj > 0} ={j1,J2,. ., Jr}. Let A(0) = [auj,auj, ... axj, | € My, be composed of the
columns of the matrix A with the numbers from o. Let Z(0) = [Z},,Z)s,, .- .,ij]T be a vector
composed of nonzero components of z. Consider the system A(c)y > 0. It is consistent, by
construction. Let us show that for any its solution y the inequality y > 0 holds. Suppose
the contrary. Let A(c)y > 0, but the set F' = F'|JF”, where F/ = {s € N | s < 0} and
F" = {s € N}, | §s = 0}, is nonempty. If ' = @, then taking 2* € R" such that 2}, = g for all
Js (s € Ng) and z; =0 for j ¢ o, we obtain a nonnegative solution of the system (5.5) such that it
has less positive components than z has. If F’ # @, then we find X = max{\ | Z(¢)+Agy > 0, A > 0}.
Define z = z(o) + X'y. From the choice of X it follows that there is s € Ny such that z; = 0. On
the other hand, A(c)z > 0. Consequently, by the above method one can find a solution of the
system (5.5) having less positive components than z has. Thus, we showed that the condition
A(o)y > 0 implies y > 0.

(b) = (c¢) Let us verify that in this case the condition A(c)y > 0 implies y > 0. Now, let § be such
that A(o)y > 0 and F = {s € N; | g5 < 0} # &. Then, there exists N = max{\ | Z(c) + \y >
0, A > 0}; hence, z = z(0) + X'y, thus A(c)z > 0 and z; = 0 for some s € Ni. As shown above,

2This property is possessed, e.g., by inconsistent systems of strict linear homogeneous inequalities on the plane.
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this contradicts the choice of o. Since any solution of the system A(c)y > 0 is nonnegative, by
the Farkas-Minkowski theorem the unit basis vectors ey, es,...,e;, € R* can be represented in
the form of nonnegative linear combinations of the rows a(0)i«, a(0)2x, ..., a(0)m« of the matrix
A(o): e; = 371 Bija(0)jx, Bij > 0, i € Ng, j € Ny, Define the matrix B = (8;;) € Mszon By
construction, BA(o) = Ej.

(¢) = (a) If the system A(c)y > 0 is consistent and there exists a nonnegative matrix B € M, ,?21
such that BA(o) = Ef, then any its solution is strictly positive and, consequently, can be extended
in an obvious way to a nonnegative solution of the system (5.5).

The theorem is proved.
Corollary 5.1. Conditions (5.4) and “(Az >0,z > 0) = (z > 0)” are equivalent.

Remark 5.1. In the general case, the index ¢ is not uniquely defined as well as the matrix B
for a given 0. The above theorem implies that for A € M,, ,, condition (5.4) is equivalent to the
existence of a nonnegative matrix B € angn such that BA = E,,.

Remark 5.2. Suppose that By, By,...,B, € MZ9 and B;A = E,, for any i € Nj; then, for

n,m
S S
any Ay >0, Ao >0, ..., A¢ > 0 such that > \; =1, the matrix B= > \;B; € MHZ% satisfies the
i=1 i=1
condition BA = E,,.
The general case.

As mentioned above, throughout the sequel of the paper we will assume that for the system
(5.3) condition (5.4) is fulfilled (then, it is seen that m > n). This leads to a number of assertions.

Assertion 5.1. If z; and z2 are solutions of the system (5.3) and Az; < Azo, then z1 < zs.

Proof. Indeed, by virtue of (5.4) for A € M!, there exists a nonnegative matrix B € Mz, such

that BA = E,. Since the vectors Az; and Az, are strictly positive and the inequality Az; < Az
holds, it follows that BAz; < BAzs, or 21 < 29.

Assertion 5.2. If some solution z* of the system (5.3) is such that (a;«,2*) = 1 for all
Jj € Ny, then z* is a solution of the problem (5.2), i.e., it is a minimum committee.

Proof. By virtue of the specific character of the problem (5.2), namely by the integrality
condition, for any admissible vector z and any j € N,, the inequality (a;«,2) > 1 must hold. Then,
from Assertion 5.1 for any admissible z it follows that z* < z, or Yi*; z* < >, z;. Consequently,
z* is optimal.

The following assertion and its corollaries give an estimate from below for the number of elements
in a minimum committee.

Assertion 5.3. For any integer-valued solution z € Z'} of the system (5.3) and any matric
B € M,%?n such that BA = E,,, the inequality z > [Be| holds, where e is the vector composed of
UNats.

Proof. Let z* € Z} be a solution of the system (5.3). For all j € N;, the inequality (a;x, z*) > 1
holds, i.e., Az* > e. For A, consider arbitrary B € ME% such that BA = E,. Then, z* = BAz* >

Be. Since zf > (Be); for any i € N,, and z* € Z", we obtain z} > [(Be); ], whence z* > [Be].

Corollary 5.2. Ifa; = max [(Be);] fori e N, then every solution Z of the system
BeMZ),, BA=E,
(5.3) is estimated from below as follows: Z > [a1, aa, . .. ,a,]T ; the number of elements in a minimum
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committee is estimated from below by > «;.
i=1

Assertion 5.4. If some z € Z} and J C Ny, are such that (aj, z) = bj >0 for any j € J
and for all j & J (if Ny, \ J # @) it follows that (aj«, Z) < 0, then for the optimal vector z* of the
problem (5.2) there is j' € J such that (aji., z*) < bjr.

Proof. Suppose that for the optimal vector z* of the problem (5.2) and any j € J the inequality
(aj«,2*) > b; holds. Then, by assumption, Az* > Az. Let 2 = 2* — z. It follows that Az =
Az* — AZ > 0, consequently, z > 0, z* > z, and z* # z. This contradicts the optimality of z*.

Corollary 5.3. If for some z € Z" and subset I C N,, (I # Ny,), and for any j € I the
relation (aj.,z) = bj > 0 holds, and for any j & I it follows that (aj.,z) = 0, then for the minimum
committee z* (a solution of (5.2)) there is j € I such that (aj.,z*) < bj.

Corollary 5.4. Ifz € Z is such that (aj., 2) = 2 for some j' € Ny, and (aj«,z) =0 for the
remaining j # j', then for the minimum committee z* we have (ajr,2*) = 1.

Corollary 5.5. If z is optimal in the problem (5.2), then 1gu<n (ajs,2) = 1.
<j<m

Assertion 5.4 and its corollaries may be useful for refinement of the constraints in the problem
(5.2) and for assignment of correct restrictions.

Fulfillment of condition (5.4) allows one not only to determine lower bounds on the number of
elements in a minimum committee, but also to obtain constructive upper bounds.

Theorem 5.2. Let for a matric A € MEL condition (5.4) be fulfilled; as a consequence,

m,n

the set M;?n of all possible nonsingular n x n submatrices of the matriz A is nonempty. If a =

_max A=y, then the number of elements in a minimum committee is at most
AeMi,

Ln(a; 1)J .

Proof. Let us consider the problem

mln{Zz, a]*, 2

Its admissible set is convex and polyhedral. Note that in the right-hand sides of constraint

DO | =

(Tl + iaﬁ), j S Nm} . (56)
=1

inequalities, positive numbers occur (any row of the matrix A contains at most n — 1 negative
entries, else (5.2) is unsolvable). Let the problem (5.6) have a solution z* (by condition (5.4),
z* > 0). The rank of the constraint system is equal to the dimension of the space; therefore, without
loss of generality, we suppose that (aj«,2") = %(n + > aj) forall j € I ={1,2,...,n} C N,
(subsystem of rank n). Denote by A the submatrix of A which corresponds to the subsystem I,
det A # 0 and there exists A~!. Then,

. 1

Az* = 5(

Let us estimate the sum of components of the vector z* (z* > 0):

_ 1 -
nE, + A)e and z"= E(nA_l + E,)e.

n n 1

* 1 n -
;zi: ZZ;nA + E,) —52 nA + E,) _z_: nAl"i'En)ij‘

l\’)l}—t
[\’)
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1, - 1 P n n
= SInAT 4 Byl < SAT G+ 1B = S0AT A D < 2D (67)
Now, let us consider z = |2*| and z = z* — Z (0 < z < ¢). For arbitrary j € N,,, the following

relations hold:

_ N 1 -
(s, 2) = (ajx, 2%) — (a4, 2) = §(n+zaﬁ) - > auzn
=1

aji:-l—l

1 n 1
+ Z ajiz; > §(n+2aji)— Z aji——n—l— Z aji — Z aji)zi(n—n)zo.

[l :_1 i=1 a]Z:+1 a :—1 a]Z:—|—1

Thus, Z € Z} and AZ > 0. On the other hand, 0 < zZ < 2*, whence > ;" 2z < >0t 2. If
the number of elements of the minimum committee equals 2¢g — 1, then, taking into account the
estimate (5.7), we obtain

n
n
2g—1< zi < =—(a+1
q _;:1 2( )-

These inequalities and the fact that Z is integer-valued imply the validity of the theorem.
The theorem is proved.

Theorem 5.3. Let 8 = (n + Iéljz\i[x E aji). If o is the optimum for the problem (5.2)

without the integrity requirement and of is the number of elements of the minimum committee,
then af < Ba*.

Proof. Consider two problems
mln{z zi | (aj,2) > 1, j € Ny}, (5.8)

mln{z zi | (aj,2) > B, 7 € Ny} (5.9)

If z* is optimal in the problem (5.8), then (3z* is optimal in the problem (5.9). By the same
reasoning as in the proof of Theorem 5.2, for the vector Z = [(z*], the relations Z € Z and
AZ > 0 hold. Consequently, if the number of elements of the minimum committee equals o, then

whence we obtain the assertion of the theorem.
The theorem is proved.

Corollary 5.6. The vector Z obtained in the proof of Theorem 5.3 can be considered as an
approximate solution of the problem (5.2) such that the sum of its entries is at most [3 times the
number of elements of the minimum committee.

In the sequel, we need the following well known facts [7]:

(1) For any A € Mff}1 there is M € Z such that det A = M2"~1;

(2) If the system Ax = b is such that A € M%ln (n > m), all the components of the vector b
are either even or odd, and det B = +2™~! for any basis B, then any its basis solution is
integer-valued.
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Consider two problems

n
min{z zi| Az >e€, z € err} , (5.10)

1=1

min {z”: zi | Az > e} . (5.11)

1=1

Suppose that they are solvable and for the matrix A € M%ln there exists B € MZ0 such that

n,m

BA = E,. Denote by a* the optimal value and by z* the optimal vector of the problem (5.11).
Theorem 5.4. If for any nonsingular submatriz A € MZEL of the matriz A it follows that

n,n
det A = £2"71 then the number of elements of the minimum committee equals o*.

Proof. The rank of constraints equals n in both problems, then for some nonsingular submatrix
A of the matrix A we have the relation Az* = [1,1,...,1]7. Since det A = £2"~! and the
components of the right-hand side are odd, it follows that z* is integer-valued and, in addition,
z* > 0. Consequently, the vector z* defines the minimum committee with o™ elements.

The theorem is proved.

Theorem 5.5. If the vector b* = Az* > e in the problem (5.11) is such that for some v € N
the vector yb* is integer-valued and if there exists a nonsingular submatriz A € M,;—L}L of the matrizA
such that det A = 2771 then the number of elements in a minimum committee is at most 2yo*.

Proof. Define b* = Az*. By assumption, the vector yb* is integer-valued. If all the components
of the vector vb* are simultaneously even or odd, then vz* = yA~1b* > 0 is integer-valued. In this
case, the minimum committee contains at most ya* elements. If some components of the vector
4b* are even, and the remaining are odd, then the vector 2yz* > 0 is integer-valued; consequently,
the number of elements of the minimum committee is at most 2ya*.

The theorem is proved.

Remark 5.3. In Theorem 5.5, the vectors yz* or 2vz* can be considered as approximate
solutions of the minimum committee problem with the error v or 2+, respectively.

The case of a square matrix.

Now, let us consider the class of problems of the form (5.2), where the matrix of the system
is square. Fulfillment of condition (5.4) implies the existence of A~! € ang In this case, under
additional conditions the optimal vector can be found in a polynomial time. In the general case,
its approximation with a guaranteed estimate on the error.

Theorem 5.6. If A € MZTL there exists A= € MZ0, and det A = M2"~ L, then for the

n,mn?’ n,n’
number of elements 2q — 1 (¢ € N) of a minimum committee, the two-sided estimate holds:

- _ n—1
A7 < 20— 1< 20| A7 | B L (5.12)

Proof. Let us study the structure of the matrix A~!. For any i,j € N,, the absolute value of
the element a?jd] of the adjugate matrix is equal to mij2"_2, where m;; € Z. Then A~ has the

J
form A= = 0.5 | M |71 (myj). Let 2} =2 | M | A~'e; € Z'}, where e; = [0,...,0,1,0,...,0]"
(j € Np,). Then,

n n

max » ;= max Zmii =2|M||A7;. (5.13)

1<5<
==ty
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Assertion 5.3 implies that for the optimal vector z* of the problem (5.2) the inequality z* >
[A=te] > A71e holds. For the number of elements of the minimum committee, this gives

n n
20 -1=3 2> a; =[A7" . (5.14)
i=1 i,j=1

From necessary conditions of the existence of a committee it follows that in A there is a column
ayj+ more than a half of whose entries are units. Let I = {i € N,, : a;;= = 1}, then

-1
AT < |2
2
Consider z =ej» +2 | M | A7} > icNp\I €is T € ZY such that
Az =Aejr +2| M| AA™" D" ei=ay-+2| M| > e >0.
i€Np\I i€Np\I

Consequently, the vector Z is a solution of the system Az > 0. Let us calculate the sum of its
entries. Since the sum of entries of the vector 2 | M | A~le; does not exceed 2 | M | ||[A7|1, as a
result, we obtain

n—1
2

n
>z <2 | MY AT N AT+ 1< 2| M| A7 ||
i=1
If 2¢—1 is the number of elements in the minimum committee, then 2¢—1 < >~ ; Z;, which implies
the upper bound.
The theorem is proved.

Remark 5.4. Finding M and solving the given system Az = 2|M|} ;cy,\s € can be carried
out in the time O(n?), see [1]. Consequently, in this time one can find an approximate solution
to the problem on the minimum committee zZ. The upper and the lower bounds from the theorem
determines the value of the error which is strictly less than 2 | M |.

Remark 5.5. One can present an infinite (for any n = 2t — 1, t € N) series of examples such
that the two-sided estimate from Theorem 5.6 is sharp both from below and above; such a series
is produced by inconsistent systems of linear homogeneous inequalities on the plane.

Theorem 5.7. If in the problem (5.2) A € MfL, |det A| = 2"7! and A~' € M2, then a

n,n’ n,mn’
minimum committee is found in the time O(n?3).

Proof. It is obvious that under these assumptions the minimum committee is determined as the
solution of the system Az = e. Since |det A| = 2""! and A~ € M%g, then the vector z* = A~ le
is integer-valued and nonnegative. Therefore, z* is the solution of the problem (5.2). The cost of
computing z* is only due to solving the given system Az = e, which needs the time O(n?), see [1].

The theorem is proved.
Theorem 5.8. If in the problem (5.2) A € M;S} is such that A=t € MZ% and |det A| = 2",

n
then the whole set of committees (the set of solutions of the system (5.3) such that the sum of entries

is odd) is representable in the form

n
2=po+ Y upi, (5.15)
i=1
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where pg = A7 Ve, p; =2A7Ye;, oy € Zy, i €N,

Proof. Let Tt = {y = e+ 2u | uw € Z%} and let C = {z € Z} | Az € T™} denote the set
of all committees. Let us show how to determine parameters «; in the presentation (5.15) for an
arbitrary element of the set C. Let Z € C, then AZ = b € Tt. Consequently, b = 24 + e for

n _ n
some % € Z7. In turn, u = Y &e;, where & € Zy (i € N,,). This gives b = e + 2 ) &e; and
i=1 i=1

n n
z=A"le+2> &Ate;. Foralli € N, define a; = &;. Thus, 2 =1py + 3. ayp;.
i=1 =1

Suppose now that some z is defined by formula (5.15). If, besides T, we introduce the set
Pt ={y=2w | w € Z7%}, then in these notations, by the nonnegativity of A1, for any v € T
and w € P the inequalities A~'v > 0 and A~'w > 0 hold. Therefore, it is seen that py > 0 and
p; > 0 for all i € N,,. From «a; > 0 it follows that z > 0. Since e, 2eq,2es,...,2e, € TT U P, we
obtain po,p1,...,pn € Z1; hence, z is integer-valued (oy; € Zy). Thus, all entries of the vector z
are natural numbers. Let us verify that Az > 0. Indeed,

n n
Az=A (po +Zaipi> = e+22aie,~ > 0.
i=1 i=1
It is seen that the sum of entries of the vector pg is odd and of the vector p; is even for any i € N,,.
This implies that the sum of entries of the vector z is odd. Consequently, Az € T+ and z € C.
The theorem is proved.

6. COMMITTEE DECISION RULES

Committee constructions are intensely used in solving pattern recognition problems. Relevant
recognition algorithms in the literature are called committee decision rules or separating commit-
tees. We consider some of their properties. Let us fix a real linear space X, which is further called
the space of object descriptions, and a finite set {2 of numbers (labels) of patterns. Without loss
of generality, we consider the two-classes recognition problem, setting 2 = {0, 1}, where 1 denotes
belonging to the first pattern and 0 to the second one. Let on the set X x  a sigma-algebra of
events . and a probability measure P, defined up to a finite sample (learning sequence)

(2!, wh), (2%, w?),. .., (z!, W), (6.1)

be given. Let us fix a set of characteristic functions

F={f(z;0) e A} C{X = Q},

which is called a class of decision rules. The problem of learning to pattern recognition is [2] the
optimization problem

min{P(a) = / (w— f(z;0))?dP(z,w) : a €A, ($1,w1),($2,w2),...,(:pl,wl)}, (6.2)
X xQ

in which the value of the functional P(«), called the average risk functional, is equal to the
probability of a classification error for the rule f(-; ). Apparently, the main obstacle arising when
solving the problem (6.2) is the “indeterminacy” of the objective functional defined up to a finite
sample. In fact, the problem is essentially multiobjective.
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One of the approaches to approximate solving the posed problem is based on approximating it

by the problem
l

Y (W' = fata))?, (6.3)

1=1

mip () =

1
1
in which the value of the functional v(«), called the empirical risk functional, equals the frequency
of classification errors, computed for the learning sequence (6.1), and does not explicitly depend on
the “indeterminate” measure P. Obviously, the problem (6.3) is solvable for A # @& and any sample
(6.1). Its optimal value characterizes the “learning” ability of the decision rules class F. Intuitively,
it is clear that for sufficiently representable sample those of the two rules classes F; and F3 is better
for which the optimum of the problem (6.3) is less. Let us introduce the notion of a committee
decision rule. To this end, we fix an odd number ¢ and a class of rules F; = {p(z;0) | 5 € B},
which will be called the base class. Denote by © the function of a real variable ¢, which takes the
value 1 for t > 0 and 0 otherwise.

Definition 6.1. A committee decision rule (separating committee) of ¢ elements of the base
class F; is the function

flz;a) = f(x; (B1, B2, -+, 8)) = © <Z¢($;ﬁi) —Q/2> -
— i=1

a

Respectively, the set F, = {f(z;a) | a € B9} is called a class committee rules of ¢ elements.
Below, although it is not a matter of principle, we assume that ¢ is odd.

Let us consider concrete classes of separating committees. As usual, denote by X™* the space
of linear functionals on X. If B = X* and F; = {©((a,z)) | a € B}, then F, is called a class of
linear separating committees of ¢ elements and is denoted by £,. Respectively, for B = X* x R and
Fi ={O6((a,z) +b) | a € X*,b € R}, the class F, is denoted by A, and is called a class of affine
separating committees of ¢ elements. In addition, we will use the following notations:

ESQ = U £t7 qu = U At7

t<q t<q

L=UL, A=U A,

geN qeN

A direct consequence of Theorems 2.6 and 2.8 is the following conditions of vanishing the optimal
value of the problem (6.3).

Theorem 6.1.
(1) The optimal value of the problem (6.3), posed in the class L (in the class A), equals zero if and
only if for every subsample (x™,w'), (z%2,w™) of the sample (6.1) there exists a rule f(-; B(i1,i2)) €
Ly (f(;8(i1,12)) € A1) such that
f(a@™; B, i2)) = W™,

' i 6.4
F(@2; B(i1,42)) = w. (6.4)

(2) The validity of condition (6.4) implies the vanishing of the optimal value of the problem (6.3)
in the class L<; (A<yp).

Note that for the class £ the assumptions of the theorem are equivalent to the following:
(i,j ENY) (t>0) = ((W' —1/2)a" +t(w! —1/2)27 #0),

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Suppl. 1 2002



COMMITTEE CONSTRUCTIONS S97

and for the class A to the following:

(i,j€N) (W' #u)) = (af #£2).

Theorem 6.2. Let 71 € {L1,A1}, and let a sample (6.1) and a natural number k
be such that for an arbitrary subsample (x%,w™), (z%2,w®), ..., (z%+1 w™+1) there is a rule
f(; B, ... igr1)) € F1, which solves the system

f(a™;B) = wh,
f(a™;8) = w?, (6.5)

flaits ) = wien,

then the optimal value for the problem (6.3), in the class F<q4 for

q=2 {W-‘ +1,
equals zero.

Thus, classes of affine and linear separating committees are a highly useful tool for solving
recognition problems, which allows one to take into account learning information of any complexity.

However, let us return to the issue of approximation of the problem (6.2) by the problem
(6.3). Let us fix a sample (6.1), denote by a*((z!,w!),..., (2!,w")) the optimal solution of the
problem (6.3), and calculate P(a*). Let P be the optimal value for the approximated problem,
which characterizes the probability of irreducible classification error in the class F.

Definition 6.2. We will say that the problem (6.3) correctly approximates the problem (6.2)
if uniformly with respect to samples of length [ the following condition is satisfied:

P(a*) -2 P. (6.6)

l—o0
It should be noted that although by the law of large numbers for every o« € A one has
v(a) li) P(a); however, condition (6.6) may not be fulfilled. As shown in [3], a sufficient condition

for (6.6) to hold is the condition of the uniform, with respect to the events class, convergence of
frequency to probability.

Definition 6.3. Let S = {A(a) | @ € A} be a subset of the sigma-algebra of events. We will
say that there exists a uniform with respect to the class S convergence of frequency to probability
(in probability) if for any € > 0

P(sup |P(A()) — v(A(@))] > ) — 0.

a€N l—o0

Below, our interest will turn to the existence conditions for a uniform convergence of the
frequency of occurrence to the probability of specified classes of events

Sr ={B(B) ={(z,w) [w # ¢(x;8)} | B € B} (6.7)

and

Sr, ={Ala) ={(z,0) [w # fz;0)} | @ = (B1, B2, ..., Fg) € A= B}, (6.8)
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generated by the classes F; and F, respectively. A classical approach to the proof of sufficient
conditions for a uniform convergence is based on the following theorem.

Theorem 6.3 (Vapnik and Chervonenkis). Let F be a class of decision rules. For any e €
(0,1) there exists a number l() € N such that for every sample of length | > ()

2]
P(sup |v(a) — P(a)| > ¢) < Gmf(2l)e_ET.
a€gl

Here, as usual, m” (1) denotes the growth function for the set of events Sx. By definition, m” (1)
is a positive integer-valued function taking values from the interval [1,2!]. Consequently, to justify
the uniform convergence it suffices to show that m” (I) grows slower than any exponential function
with the base greater than 1. The following estimate for the growth function: m?” (1) < 1.51"/h!,
which is valid for all I > h, where h € N is such that m” (h) = 2" and m” (h + 1) < 21, The
number h is called the capacity of the class of rules F (the Vapnik—Chervonenkis dimension) and
is equal to the greatest natural number [ such that there exist vectors z',z?, ..., z! for which the
problem (6.3) in the class F has zero optimal value for any w',w?,...,w! € {0,1}.

Assertion 6.1.
(1) For the growth function m”4(l) of the class F, of separating committees the following estimate
holds:
m”a(l) < (m” 1)) (6.9)

(2) If in addition Fy € {L1, A1}, then

m*<a(1) < (m™(1))" (6.10)

Note that estimates (6.9)—(6.10) are valid for classes of decision rules wider than classes of
separating committees; therefore, they are apparently overstated. However, for the class L<4, the
estimate is of order of the best possible estimate expressed in terms of the class capacity. Indeed,
the following is true.

Theorem 6.4. Let X = R", then the capacity h(q,n) of the class L< is estimated from below
by q(n — 1) + 1.

Proof directly follows from Theorem 2.8.

In particular, it is known that h(q,2) = ¢ + 1. Using the estimate from the preceding theorem,
for sufficiently large I we have 1.519*=D+1/(g(n — 1) + 1)! < 1.5/ /h(g,n)!. On the other hand,
m“1 (1) < 3(1 —1)"1/(n — 1), whence m*<a(1) < C(q)(I — 1)4=1 which is estimated from above
by 1.519=D+1 /(g(n — 1) + 1)! for sufficiently large 1.

There is another approach to the proof of conditions of the uniform convergence for the class F,
for arbitrary 7. Indeed, every event A(a) € Sz, for a = (81, B2, ..., 3,) is defined by the relation

Aw= U (mbn).

LCNq, |L|=[q/2] \i€L

For the sample z(21) = (z',22,...,2%), where z* = (2%,w’), denote by v(A) and v,(A) the
frequencies of occurrence of an event A in the first and second (in order) semisamples, respectively.
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Lemma 6.1. Let the sets B((31),B(032),...,B(8y), and A(a) = A((51, B2, .-, Bg=2s+1)) be
gwen. If the sample z(21) is such that for every | C N, with the condition |L| > s+ 1 the equalities
v1 (Nier B(Bi) \ UjgzL B(B;)) = va2 (Mier, B(Bi) \ UngL B(8;) and

Vi ﬂng B(ﬁj) \UieL B(Bi)) = v2 ﬂngB(ﬁj) \ UieLB(ﬁi) )

hold, then the inequality
v2(Aa) —vi(Aa))] < q max v2(B(6i)) — vi(B(5s))

15 true.

Theorem 6.5. Let A = B9, and let a measure P and a system of events {A(a) | o € A} be
such that for every L C Ny,

(L[ >s+1) = (P(ﬂ B(B)\ U BB)) =P BB)\ U B5:) = 0) :

i€l JEL J¢€L 1€l

Then, the following estimate holds:

P(ilelg v(A(@)) — P(A(a))] > ge) < P(Zlellg w(B(B)) — P(B(B))] > ).

Corollary 6.1. Let a growth function m” (1) of the class Fi be not identically equal to 2!
and let for the set of events {A(a)} the assumptions of the preceding theorem be fulfilled, then the
following estimate holds:

£21

P(zlelg [v(A()) — P(A())| > qe) < 6m”1(20)e” 1.

7. CONCLUSION

Some more or less far-off analogies with the idea of committee constructions can be seen if
desired in rather early sources since the eighteenth century (see, for example, [19, 20]) and even
earlier if links between ideas are loosely interpreted. A rigorous mathematical formulation of the
notion of a committee appeared in 1965 in the work of Ablow and Kaylor [18] and it was connected
with the problem of distinguishing sets of objects. At the same time, in 1965, V1. D. Mazurov —
one of the authors of the present paper — began to study committees. His work was initiated by
S. B. Stechkin and I. I. Eremin who paid attention to the potential significance of the notion of a
committee.

The problem of existence of surfaces separating sets in linear spaces is important in both pure
and applied mathematics. Finite sets in a linear space which are arbitrarily hard to separate
(nevertheless, disjoint) can be separated, evidently, by a piecewise affine rule. However, committees
allows one not only to avoid routine describing the structure of piecewise affine rules (thanks to the
elegance and brevity of the committee formula), but also to propose fruitful ways of their actual
construction. This facilitates a good interpretability and wide applicability of committee rules for
diagnostics and selection of variants of solutions.
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In the present paper, we provide precise analytical results on committees. They show that,
in addition to a certain practical value, the theory of committees is of considerable mathematical
depth. There are also perspectives of discovering new directions in investigation of committees
where absolutely new, interesting, and at the same time hard problems are revealed.

Among these problems, software implementations of committee constructions take not a sec-
ondary place. In this connection, we should mention the development of application software
packages KVAZAR and KVAZAR+ in IMM Ural Branch of the Russian Academy of Sciences,
which are actively used in solving applied problems (for example, in biology and medicine).

There are also other fields of applicability of the idea of committee constructions; for example,
collective solutions in mathematical economics, artificial multilayer neural networks, etc., whose
description is apparently out of the scope of this paper.
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